Dynamics and
Real-Time
Simulation
(DARTS)
Laboratory

Spatial Operator Algebra (SOA)

11. Closed-Chain Dynamics
(Constraint Embedding)

Abhinandan Jain

June 19, 2024

https://dartslab.jpl.nasa.qov/

Jet Propulsion Laboratory
California Institute of Technology



https://dartslab.jpl.nasa.gov/

SOA Foundations Track Topics
(serial-chain rigid body systems)

1.

2.

Spatial (6D) notation — spatial velocities, forces, inertias; spatial cross-product, rigid body
transformations & properties; parallel axis theorem

Single rigid body dynamics — equations of motion about arbitrary frame using spatial
notation

Serial-chain kinematics — minimal coordinate formulation, hinges, velocity recursions,
Jacobians; first spatial operators; O(N) scatter and gather recursions

Serial-chain dynamics — equations of motion using spatial operators; Newton—Euler mass
matrix factorization; O(N) inverse dynamics; composite rigid body inertia; forward Lyapunov
equation; mass matrix decomposition; mass matrix computation; alternative inverse dynamics
Articulated body inertia - Concept and definition; Riccati equation; alternative force
decompositions

Mass matrix factorization and inversion — spatial operator identities; Innovations
factorization of the mass matrix; Inversion of the mass matrix

Recursive forward dynamics — O(N) recursive forward dynamics algorithm; including gravity
and external forces; inter-body forces identity

See https://dartslab.|pl.nasa.gov/References/index.php for publications and
references on the SOA methodology. ‘@Jetpmpu.sion Laboratory

California Institute of Technology
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SOA Generalization Track Topics

8. Graph theory based structure — BWA matrices, connection to multibody
systems

9. Tree topology systems — generalization to tree topology rigid body systems,
SKO/SPO operators, gather/scatter algorithms

10.Closed-chain dynamics (cut-joint) — holonomic and non-holonomic
constraints, cut-joint method, operational space inertia, projected dynamics

11.Closed-chain dynamics (constraint embedding) — constraint embedding for
graph transformation, minimal coordinate closed-chain dynamics

12.Flexible body dynamics — Extension to flexible bodies, modal
representations, recursive flexible body dynamics

3 Jet Propulsion Laboratory
. California Institute of Technology



Recap
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Previous Session Recap

» Looked into the augmented method for closed-chain

dynamics

(DAE approach)

* Does not have a direct SKO model
* Introduced the notion of operational space inertia

matrix (OSIM) and OSCIM
» Discussed the Backward Lyapunov Equation based

operator G

ecomposition

* Applied S

KO model recursive algorithms for the

various steps in the augmented approach




Closed-Chain Dynamics
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SKO models and loops

« SKO models require an underlying tree structure

* The presence of even a single loop constraint leads
to the loss of the tree structure

* This means that the SKO model analysis and
algorithms do not apply!

* The cut-joint method seen earlier provides some —
but unsatisfactory — relief

* We will attempt to remedy this situation to allow the
use of SKO models with loops

7 Jet Propulsion Laboratory
California Institute of Technology



Closed Chain Modeling Options

FA model TA model CE model
Non-minimal coords Minimal tree coords Minial g
+ constraints + constraints INimal coords
Simple setup Better for large loops Optimal for small loops
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Augmented solution method

« Use minimal number of joint
cuts so have a spanning tree +
cut-joint constraints

M G
Ge 0

 The tree system is a minimal
coordinate multibody system
with a configuration dependent
mass matrix

S
—A

T—C
g
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Augmented method comments

* Even though the augmented method approach does
not lend itself directly to be SKO model, we find that
the SKO algorithms can be used to efficiently carry
out each of the augmented method steps

« However, this still remains a non-minimal
coordinates and a DAE approach

10 Jet Propulsion Laboratory
California Institute of Technology



Projection solution method

e Switch to minimal coordinates form

* Pick (N —n¢)of the coordinates as
Independent variables

* Numerically project the equations of
motion down to these independent
variables

e Solve these equations of motion and
lift up the solution to get all
coordinate accels

* EXpensive process, and has issues
with picking indep coords

11
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Projection method comments

* The projected methods is a minimal coordinates, and
nence ODE approach

 However, the mass matrix is obtained by a numerical

orojection approach — which destroys all structure, and

we are left with an expensive to compute mass maitrix,
with opaque structure

 The lack of structure means that SKO models are not

applicable and the recursive techniqgues cannot be
used

12
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Constraint embedding solution approach

* A minimal coordinate
approach that preserves
structure

« Uses graph transformation
and variable geometry bodies
to derive an SKO model and
an ODE approach

« All SKO model analysis and
recursive algorithms thus

apply

13
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Coarsening Graphs

e
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Coarsened graph representations

« So far our graph representation for
bodies has mapped individual bodies to
graph nodes

 However, one can also view a multibody
system as a collection of connected of
sub-trees, I.e. a tree of serial-chains as
In the example Iin the figure

* From this perspective, an alternative
graph representation may use nodes for
the component serial-chains

* This Is a coarser representation of the
system using more complex serial chain
subgraph nodes
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Coarsening questions

What kind of coarsening makes

sense?

What are the requirements on
the component subgraphs?
What are the properties of the
resulting coarse graph

representation?

What types of coarsening
preserve the tree and SKO

model structure?

I—.—.—.—.—.—.—.—.—.—."-—.‘—_.—

e —————

California Institute of Technology
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Partitioning Graphs

e
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Reqgular, induced & path-induced subgraphs

A subgraph is a collection of nodes and edges belonging
to the parent graph

_,-——-\Il

v

sub-graph |&

induced

path-induced

sub-graph sub-graph
; : S ; Sp
o o) o
Arbitrary collection of Also includes all edges Also includes all edges &
nodes and edges between nodes in the nodes on paths between

18 subgraph nodes in the subgraph @,
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Partitioning a tree graph

A path-induced subgraph has the property that it partitions a tree

Into a disjoint set of
* One or more children path-induced trees
* ltselt
« Single parent path-induced tree

"’ )
© path-induced
.\% child sub-forest
/ S, path-induced
S, path-induced (I » P

= sub-forest
sub-forest —_— \f

P, path-induced
parent sub-forest

19
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Impact on SKO models

« SKO models require an underlying tree structure

» Path-induced subgraphs partition a tree and a
collection of sub-trees

* What Is the impact of such partitioning on an
SKO model?

20
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Partitioning SKO models

e
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Partitioning SKO models

« Path-induced sub-graphs of SKO-models are SKO models in

their own right

(He,Ae,Me) |(Hs,As.Mg)| |(Hp, Ap, Myp)

* What is the relationship between the system level SKO model

and the partitioned SKO models?

(5’ p'Lth induced
.\. child sub-forest
N \ /b path-induced
&, path-induced

) sub-forest
sub-forest, — \ f

P, path-induced
parent sub-forest

22



Partitioned SKO operator

The system level SKO operator has the following
partitioned structure:

CA 0 0
Ca= | Bs Eae 0
0 ks Ca,

connector to children \
subgraphs

connector to parent
subgraph

23
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Example of partitioning the SKO operator

24




Partitioned SPO operator

25

The system level SPO operator can be partitioned using the
subgraph SPO operators

A\ - VAN - YAN _
Ae = (I—Ex.) 1, As = (I—Ex4.) ", Ap = (I—Ex,) "
Ae 0 0
A = AcsBsAe As 0

Ap(EsAsBs)Ac ApEsAes Agp

@
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Proof of partitioning

-8, 0 0
Al BT 15.2 / . \
U 1—e) 2| —Be I-&u 0
\ 0 —Lts I—SAT/
(A 0 00
15.3

= —Bs Aél 0
\ 0 —Es Ay

26 JthI n Laboratory
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SPO operator partitioning example
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Partitioned SKO model

Similarly the H and M operators can be partitioned
based on the component operators

He 0 0 Me 0 0
H = 0 Hg 0 M = 0 Ms 0
0 0 Hy 0 0 My

28
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Aggregating Nodes

e
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Tree coarsening

* We have seen earlier that if a subgraph is path-
Induced then It partitions the graph into sub-trees

* For graph coarsening, we want to represent these
sub-trees as nodes in a new graph, I.e. we want to
aggregate sub-tree nodes into single compound node

« How do we do this, and what does this do to the tree
structure of the new graph?

31 Jet Propulsion Laboratory
California Institute of Technology



Node contractions

Node contraction/aggregation combines nodes into a single node
« All children of the old nodes become children of the new node
 The parents of the old nodes become parents of the new node

10

10

®

——
aggregated
sub-graph
, node

being

aggregated

y ‘7
o 1 o 1

. We can lose the tree structure after node contractions.

]
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Node contraction examples

/6, 12 6
5 11/

sub-graph
being
aggregated

aggregated
node

sub-graph being
aggregated —

==

33

Agalin, the tree structure has been lost after node aggregation.

e

Jet Propulsion Laboratory
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Preserving tree structure

* S0 even If we take care to work with path-
iInduced subgraphs, node aggregation can lead
to a loss in the tree structure of the resulting
graph

 How can we coarsen the graph using node
aggregation without losing the tree structure?

34

California Institute of Technology



Aggregation condition

 When is the tree structure preserved after subgraph nodes aggregation?

« Aggregation condition

 the subgraph is an induced subgraph, i.e. it contains all the node edges
e and the subgraph has a single parent node
* The single parent node requirement forces a path-induced property

agegregation
single
parent

sub-graph

node 4
ol
Aggregation
35 condition satisfied

aggregation
. //_, sub-graph
multiple
t
paren ‘
nodes
o .
Aggregation

condition not satisfied

Jet Propulsion Laboratory
California Institute of Technology



Preserving tree structure

36

The new graph with the aggregated nodes is a tree If and
only if the subgraph satisfies the aggregation condition

For a subgraph’s aggregation subgraph is defined as the
smallest subgraph that contains and satisfies the
aggregation condition

induced

subaraoh path induced aggregation
Jrap subgraph subgraph subgraph
& C 61 € 6Gp C OGa
contains all contains all has single
edges paths parent node

]
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SKO model for an aggregated tree



Partitioned tree SKO/SPO operators

Recall earlier partitioning of the SKO and
SPO operators:

(8Ae 0 0 \
ca= 1| Bs CEaes 0
\ 0 ks EAT/
Ae 0
A= AsBsAe Ag
Ap(EsheBe)lhe  ArEshe

38

aggregation
single sub-graph
pareﬂt
node 4
5
Aggregation
condition satisfied

Jet Propulsion Laboratory
California Institute of Technology



Aggregation for multibody systems

* Node contraction of bodies in multibody context is also
referred to aggregation to create compound/aggregated
bodies.

* A subgraph of bodies is aggregated in the new graph
representation

 The new compound body node can be viewed as
representing a variable geometry body
« Thus a graph node is not restricted to single bodies

39

” aggregation
sub-graph

Jet Propulsion Laboratory
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Determing the new SKO operator

* To determine the SKO operator elements we need to identify
the recursive relationships between the node velocities in the
new tree

* The velocity for an aggregated node is defined as the stacked
vector of velocities for the component bodies aggregated In
the node

* Note that the size of this velocity vector is no longer 6, and
depends on the number of aggregated bodies

40 Jet Propulsion Laboratory
California Institute of Technology
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Aggregated body velocity relationship

General velocity relationship

V(k) = A*(p(k), K)V(9(k)) + H*(k)O(k)

For the aggregated body

Ve = &1 Ve + E5V(p) + HE O

| D>

Es 2 [0, 0, --- Alp.i)]

15.3 I x 1 1% | 15.20

aggregated node

elementinthe | A(p,S) = EgAs Hg
42 SKO operator

(implicit)

aggregated node
joint map matrix

California Institute of Technology



Aggregated node level velocity and force relationships

43 JthI n Laboratory
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Comments on aggregated SKO model

* The size of the recursive relationship depends on the
number of aggregated bodies

* This size defines the row size for the aggregated
node in the SKO operator

* This Is an example of the case where the size Is not
6, and can In fact vary depending on the number of
bodies being aggregated

44 Jet Propulsion Laboratory
California Institute of Technology



Aggregated graph — SKO operator

SKO operator structure for the new aggregated graph

Ehe 0 0
ca =] Bs Eae 0
0 Es Ca,
(EAL 0 0 \
A, 2 Bs 0 0
\ 0 A‘P}

45

aggregation
single sub-graph
pareﬁt
node P
.
Aggregation
condition satisfied




Aggregated graph — SPO operator

46

SPO operator structure for the new aggregated graph:

\o

0

g

Ae 0
A= AsBsAe As
Ap(EsAsBs)Ae AptsAgs Aqp
Ae 0 0
AL 15.4
Aa — JQA — B@Ae | 0
Ap(EsAsBs)Ae ApEsAs Ay
(I 0 0\
where  Ja = |0 AZ' 0




Aggregated graph — SKO model

Partitioning
Oc Ve fe Je
0 = SR V= V(‘B ) f — f(ﬁ ) J = Js
B9 Vo o T
He 0 0 A
Ho = HIZ! ™= | o He 0 Hs = Hehes
0 0 Ho joint map matrix for the

aggregated body

47
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Aggregated graph — SKO model (contd)

V= A*H%O
o
% * A ~ sk JAN %
o= AL(HGO+a), where a = J"a=|ag|, 8 = Agas
- rJ:)_
N fe .
f=Ad(Ma+b), where | = Jaf= |fs|. fs = As'fe
T
J = Haf
T=M0+C

|| >

M=HAMAZHY e

transformed system mass matrix

HqoAqo(MAGa + b)

48
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Equations of motion invariance

The equations of motion term values remain the same
with and without aggregation

M = HAMA*H* = H A MA* H*
C=HA(MA*a+b) = HeAo(MA*a + b)

49 Jet Propulsion Laboratory
California Institute of Technology
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Constraint Embedding
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Constraint embedding approach

We have already seen how to partition & transform graphs into
new graphs using path-induced subgraphs and node aggregation.

« Cut loops to create spanning tree + constraints (just as for
augmented approach)

* For each constraint, identify the constraint nodes/bodies

* |ldentify a subgraph for the constraint bodies, such that
collapsing the subgraph into a new node, leaves us with a
tree and an SKO model

« Define the joint map matrix for the aggregated bodies to
take into account the loop constraints

51 Jet Propulsion Laboratory
California Institute of Technology
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Approach

L . ST aggregated

aggregation -

- sub-graph ) link’s node

4 4

o
Original digraph Transformed tree digraph

with aggregated link

Introduce cut-joints for each closed loop

For each loop identify the aggregation subgraph for the constraint node/bodies
« Smallest sub-tree containing the nodes
* Drop the root node

Use aggregation to transform the graph

Absorb the cut-joint into the new compound body hinge

Jet Propulsion Laboratory
California Institute of Technology



Minimal aggregation subgraphs

aggregation
sub-graph

Minimal
aggregation loop

53

Non-minimal

agegregation loop

e

Jet Propulsion Laboratory
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Compound body and hinge

* The aggregation node contains all the bodies involved in the closed loop
 |dentify a minimal set of coordinates for just the loop

« Parameterize the loop motion (including shape) based on these
coordinates

« Define a new compound hinge for this body with these minimal
coordinates

« This hinge replaces the physical hinge in the aggregated SKO model
* The loop constraint is essentially buried within the compound body &
hinge and eliminated from the aggregated tree

 The compound hinge not only defines the articulation of the compound
body, but also the “shape” of these variable geometry bodies

54
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Constraint embedding examples

There are multiple options for defining the aggregation node

55

e
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Constraint embedding examples (contd)

;S

56

e
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Compound hinge definition

G aggregation
™, sub-graph

..,

The mapping from the independent to the full set of coordinates for
57 the aggregation subgraph )

oooooooooooooooooooooooooooooo



Compound hinge joint map matrix

Oc
A * 15 20« . AN .
Hrs = XsHg XsHeAg| and Or = |Ors
minimal coordinates velocity mapping ery

A\ . .
The Hres = XsHgs aggregated body joint map matrix controls the
articulation as well as the internal shape of the compound body.

58 JthI n Laboratory
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At the operator level ...

_ ée -
A\ 1 . AN .
HRG — XCHC X;HbAb and eR — GR(‘Q
! )
(I 0 0\ (H@ 0 0 \
A O
HRQ — 0 X* 0 HR(‘B 0

o o I} \o 0 Hy)
|

[ ] ] [ ]
L *k >k L * * - * *
V=A*H*0 = A*H*0 = A*H}%_ Or
59 & sopronuson aberaery




SKO model equations of motion with constraint embedding

60

V = AL HR,Ox

ae
oo =A% ( EaéR—l—a’), where a' 2 0 |
_ar‘P_
f=Aqd(Mo+Db)
TR = Hraf

o
S

>

s + HsXs0rs

G

Tr = M,0r + C,

| >

M, = HRQAQMAE TQa C,

HRQAQ(MAZOI + h)

minimal coordinate mass matrix

@

Jet Propulsion Laboratory
California Institute of Technology



61

Examples
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Geared links

kth A
\ hinge
N
(k+1)th (k —1)t*" motor }(kil)fh
. hinge
link E‘ '§ (k — 1)th motor
X
SO = \ ------------------ - .
.} AN k*™ motor kth link
. —= Ltk o E‘ § (k + 1)*" link
vy T ] e  (k—1)'"link J
ho (k) : N
: O
Y hi(k—1)

Gearing introduces loops involving 3 bodies at each stage

62 Jet Propulsion Laboratory
. California Institute of Technology



Geared aggregation node — 2 bodies

(k —1)*" metqr

ktM motor kth link

(k +1)t" link

63
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Four-bar planar linkage

64

~ .
G aggregation
Fourbar?lanar Cut—edge
Constraint Embed -
Time step: 0.001s
0.00s

sub-graph

Jet Propulsion Laboratory
California Institute of Technology



4-bar aggregation node — 3 bodies

0 0 0
8(1)6(0 0 0 | € R18x18
0 &(j,k) 0
L
bs = | 0 I 0 | e RISXIS, Xe — |1y | € R3*!
\o &Gk 1) 1
S
Ee = [0(p.1. 0, d(p.j)] € R, Be = |d(j.c)| € RT™C
0

65 Jet Propulsion Laboratory
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Constraint Embedding SKO model
algorithms



ATBI recursion step for the aggregated body

The only change to the ATBI recursion steps are around the aggregated body.

P7(c) =7(c)P(c)
Ps= ) AlS,c)PT()A*(S,c) + Mg
veel(s)
De = HrePeHge
96 = ?GHE@Dél
Ts = YeHres
ﬁPg =Ps —16Ps

; P(p) = Alp. §)PEA (p. &) + M(p) PO

oooooooooooooooooooooooooooooo



Mass matrix inversion still holds

68

After constraint embedding, we have minimal coordinates and an SKO
model, and consequently the mass matrix factorization and inversion
properties continue to hold.

My 'E" HroAodMA*HE,

= I + HRdAKIDI + Hra A K]*
[I =+ ]_lR(:vAajq_1 =1 ]_[Ro.ll)ajc
M:l — [I — ]_[Rull)ajc]}kD_1 [I _ HRall)ajq

@
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Recursive ATBI forward dynamics

Or = (I — HrahoX]" D' [Tp — Hraha (KTg + Pa’ + b)] — K*Pra’

* The algorithm is O(N) in the number of nodes
* However, steps involving compound bodies have

higher computational cost proportional to the square
of the number of aggregated bodies

69 Jet Propulsion Laboratory
California Institute of Technology



Comments on CE approach

70

The obvious tree structure is not available with loop constraints —

so we had to work harder to do a graph transformation to obtain a

tree needed for an SKO model

With CE, the tree system has minimal coordinates, hence an ODE

solver can be used

We may think of CE is achieving the goals of the projection

approach, but doing so while preserving structure

« Hence all the benefits of a SKO model — analysis and

algorithms — become available to even closed-loop systems

Often we have analytical solution for the loop kinematics (eg. 4-

bar case) which simplifies the determination of the X matrix and

speeds up computations

]
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Constraint Embedding to the rescue

With closed-loop, no tree structure — paradise lost!

Constraint embedding transforms a
closed-loop system graph into a tree

graph
aggregation .““.‘*\@\@T;gated
N sub-graph link’s node
YN —> gy
i Com)6 w&
o g |
Original digraph Transformed tree digraph

with aggregated link
The compound body is a “variable geometry body”!

71

Minimal coordinate ODE
model for a closed-loop
system

Tree analytical structure is
regained

Well defined non-singular
mass matrix

Mass matrix inversion results
hold again

Recursive O(N) methods are
available again as well

Paradise regained! & soioronutsion taboraer



Constraint Embedding Examples — Basic Mechanisms

SliderCrankPlanar
Constraint Embed
Time step: 0.001s
0.00s

QuickReturn
Constraint Embed
Time step: 0.001ls
0.00s

SliderCrankSpatial
Constraint Embed

FourbarSpatial
Tree Augmented, No Error Control

Time step: 0.001s Time step: 0.001s AT Jet Propulsion Laboratory
0.00 . California Institute of Technology
> 993 0.00s <




Constraint Embedding Examples — Double wishbone
suspension

Multiple closed-loops
73 & o onuision tatoraery



Humanoid leg

74

example

MBD VROOT
LOCKED 0

RHS Root IJnk
PIN/A

LLHip1_Link
Dartsgoay)

LOC| (mgw;ﬁgxm
PIN/

LLHip3_Link_dummy COMPOUND_BODY/
Eﬂ, oxiy) )|
DartsBody i ink

(DarisBody)

LOCKED/O

Graph before
constraint embedding

Graph after
constraint embedding

]
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Humanoid robot leg (multiple loops)

Serial/parallel mechanism with 20 bodies, 18 unconstrained
dofs, and 6 actual dofs

75
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Performance comparisons for vehicle

Comparison of the speed and error
performance of the CE and full/tree
augmented approaches for a vehicle ".f"ﬁ: QP
with single-wishbone suspensions ] \W e 1
dynamics model. » "N

LER
Constraint Embed

Time step: 0.001ls
0.0 s

76

Method Tree | Constraints | Constraint Fidelity Normalized
dofs size error error wall clock time
CE (analytic) 24 0 1.3069¢ 2! | 0.00563109 1.0000
CE (non-analytic) 24 0 3.7367¢~ 1 | 0.00563108 1.7296
TA (no error control) 36 12 5.2351e * | 0.00563094 1.6007
TA w/ Baumgarte 36 12 1.3466e~13 | 0.00563121 1.6362
TA w/ projection 36 12 5.2175e~ 13 | 0.00999659 1.5907
FA (no error control) | 186 162 2.4183e¢ " | 0.02183112 59.4236
FA w/ Baumgarte 186 162 5.7032¢~'" | 0.01082618 59.4648
FA w/ projection 186 162 Incomplete - - @ Jet Propulsion Laboratory




77

Recap
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Summary

* Developed notions of graph partitioning

* Applied these to partitioning SKO models

» Defined conditions for partitioning to preserve tree
structure

* Developed notion of subgraph aggregation

* Derived SKO model for aggregated graph

* Built constraint embedding idea on notion of subgraph
aggregation

* Developed SKO model and algorithms for closed-loop
systems using constraint embedding

78 Jet Propulsion Laboratory
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SOA Foundations Track Topics
(serial-chain rigid body systems)

1.

79

2.

Spatial (6D) notation — spatial velocities, forces, inertias; spatial cross-product, rigid body
transformations & properties; parallel axis theorem

Single rigid body dynamics — equations of motion about arbitrary frame using spatial
notation

Serial-chain kinematics — minimal coordinate formulation, hinges, velocity recursions,
Jacobians; first spatial operators; O(N) scatter and gather recursions

Serial-chain dynamics — equations of motion using spatial operators; Newton—Euler mass
matrix factorization; O(N) inverse dynamics; composite rigid body inertia; forward Lyapunov
equation; mass matrix decomposition; mass matrix computation; alternative inverse dynamics
Articulated body inertia - Concept and definition; Riccati equation; alternative force
decompositions

Mass matrix factorization and inversion — spatial operator identities; Innovations
factorization of the mass matrix; Inversion of the mass matrix

Recursive forward dynamics — O(N) recursive forward dynamics algorithm; including gravity
and external forces; inter-body forces identity

See https://dartslab.|pl.nasa.gov/References/index.php for publications and
references on the SOA methodology. ‘@Jetpmpu.sion Laboratory

California Institute of Technology



https://dartslab.jpl.nasa.gov/References/index.php

SOA Generalization Track Topics

8. Graph theory based structure — BWA matrices, connection to multibody
systems

9. Tree topology systems — generalization to tree topology rigid body systems,
SKO/SPO operators, gather/scatter algorithms

10.Closed-chain dynamics (cut-joint) — holonomic and non-holonomic
constraints, cut-joint method, operational space inertia, projected dynamics

11.Closed-chain dynamics (constraint embedding) — constraint embedding for
graph transformation, minimal coordinate closed-chain dynamics

12.Flexible body dynamics — Extension to flexible bodies, modal
representations, recursive flexible body dynamics

80 Jet Propulsion Laboratory
. California Institute of Technology



