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SOA Foundations Track Topics
(serial-chain rigid body systems)

1.

2.

Spatial (6D) notation — spatial velocities, forces, inertias; spatial cross-product, rigid body
transformations & properties; parallel axis theorem

Single rigid body dynamics — equations of motion about arbitrary frame using spatial
notation

Serial-chain kinematics — minimal coordinate formulation, hinges, velocity recursions,
Jacobians; first spatial operators; O(N) scatter and gather recursions

Serial-chain dynamics — equations of motion using spatial operators; Newton—Euler mass
matrix factorization; O(N) inverse dynamics; composite rigid body inertia; forward Lyapunov
equation; mass matrix decomposition; mass matrix computation; alternative inverse dynamics
Articulated body inertia - Concept and definition; Riccati equation; alternative force
decompositions

Mass matrix factorization and inversion — spatial operator identities; Innovations
factorization of the mass matrix; Inversion of the mass matrix

Recursive forward dynamics — O(N) recursive forward dynamics algorithm; including gravity
and external forces; inter-body forces identity

See https://dartslab.|pl.nasa.gov/References/index.php for publications and
references on the SOA methodology. ‘@Jetpmpu.sion Laboratory

California Institute of Technology
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SOA Generalization Track Topics

8. Graph theory based structure — BWA matrices, connection to
multibody systems

9. Multibody graph systems — generalization to tree topology rigid
body systems, SKO/SPO operators, gather/scatter algorithms

10. Closed-chain dynamics (cut-joint) — holonomic and non-
holonomic constraints, cut-joint method, operational space inertias,
projected dynamics

11. Closed-chain dynamics (constraint embedding) — multibody
graph transformations, constraint embedding for graph
transformation, minimal coordinate closed-chain dynamics

12. Flexible body dynamics — Extension to flexible bodies, modal
representations, recursive flexible body dynamics
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Recap
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Previous Session Recap

» Developed notions of graph partitioning

* Applied these to partitioning SKO models

» Defined conditions for partitioning to preserve tree
structure

* Developed notion of subgraph aggregation

* Derived SKO model for aggregated graph

 Built constraint embedding idea on notion of subgraph
aggregation

* Developed SKO model for closed-loop systems using
constraint embedding

Jet Propulsion Laboratory
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Comments

* Observations on the SKO model for constraint
embedding:
* The SKO operator elements are not 6x6 (for
aggregated bodies)
* The elements are not square or invertible
* The elements size can vary from row to row

California Institute of Technology



Single Flexible Body: Nodal Model
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Flexible bodies

« So far we have focused on multibody systems with rigid
bodies

* Rigidity is an idealization, and often bodies can have non-
negligible deformation that needs to be included in the
dynamics model

* We focus here on extending our development to lumped
models for flexible bodies undergoing small deformation

* Our goal is to develop an SKO model for such flexible body
systems

* Once we have an SKO model, all the associated analysis
and recursive algorithms will follow



A typical flexible body — nodal model

Think of a flexible body as a collection of rigid nodes (often point masses)
connected by springs.

k th
hinge

N

(k+1)th
body

deformed
g 1
O, node

undeformed
3]
O node

k™ body

Towards Base ——+—0os

[k_1]th

hinge

/

—  Towards Tip

Use a floating frame of reference for the body
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Nodal equations of motion (node frame)



Single node O, properties

O} : jth node on kth body

Each node can undergo translational and rotational deformations

((k, O} )|= lo(k.O}) + 81(0}) € R?

Rotational deformation

[ 5.(0) ) 0 \

-

A (O)) e RE*6
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Node spatial inertia

A node’s spatial inertia (in local node frame)

/ Z(01)  m(0))p(0}) )

Mna(O)) = e RS

| —m(OLp(O})  m(OP)Is

The node’s spatial inertia (in body frame)

- : . ) (:):'l O] = Oj
Mnd(oi) — AT[OL)MHL‘].[OL)A:{O%{] - RGXG — i( k] m( k)E( k]

—m(0})p(0})  m(O})I;
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Flexible body node velocity kinematics

body frame’s inertial

spatial velocity

c RS

rigid body transformation

matrix for the node

(

\

I ((k,O) )

0 I /

c Rﬁxﬁ
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c R°

nodal deformation
spatial velocity

nodal inertial
spatial velocity
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Individual node equations of motion

Standard rigid body equations of motion for a single node in the
nodal frame

_. S d . .
xnd(Oy) = A+(Oy) = [AT (O0}) V[OL)] nodal spatial accel

) ; ; ]. j ot j Inter-node elastic
T-nd(ok] — M--nd(ok)fxnd.[ok) + [1[Ok) - nd_(ok] deformation spatial force

nodal gyroscopic
spatial force

b(0)) = V(O))M,,4(0L)V(0))

At this point the node equations of motion are in their own local
(and different) frames

Jet Propulsion Laboratory
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Nodal equations of motion (body frame)



Common body frame

* Instead of working with equations of motion
with respect to individual node frames, want
eguations of motion wrt a common frame

* We will do so wrt the body floating frame

16
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Nodal spatial acceleration expression

. d IR .
C’ff'nd.{OL} = Ay (O] ) dt[Ar[OL)v(OL)]
body frame nodal deformation
spatial accel spatial accel

AN /

. N\ - . . nodal spatial
ona(Oy) = &*(k, O Ja(k) + 6nd(OL) + a¢(k,0)) | accelinterms of

body spatial accel

) ,. 0 D (k)8 (0))
V(O )oma(0)) — —

6;...;(0’ )5, (0} ) @ (k)8 (0}) +V(0})8,(0})

ar(k, O)) =

Coriolis accel term
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Nodal equations of motion using common body frame

Had

Use

fralO))

= M, (0 ) a(0L) +b(0)) +§54,(0))

(x'nd(OL) —

b* (k. O (k) + 87 4(OL) + ag(k,O))

to get transformed equations of motion

Tnd [OJ )

VAN

Q(OL) = M, 4(0L) ar(k,0L) +b(0)) =

velocity dependent

18

spatial force

B.1.14,B.1.9

M,,q(0}) [* (k, 0L )a(k) + 874 (O])] + Q(O]) + i,

'/‘ﬁ
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Modal representation at the node level



Modal representation

* A small deformation assumption, allows us to use
linear expressions for rotational deformations

* The linearity allows us to use ‘modes’ as an
alternative way to describe the deformation of the
nodes on the body

* Modes are very useful since truncation can be used
to develop reduced order models — especially for
control system development

20
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Modal expansion

Small rotational deformation linearity assumption

5,(00) 2 exp [Sq(o{{)} ~ Ty + 8 (O)) € R

small rotational deformation linear approximation

modal coordinates

| 5.(0)) Nma (k) | /
B.1. qi~k -
und(OL) 1:18 _ — § n'(OL)nr(k)
51(O1) r=1

_ ) \ modal expansion of

node deformation

| >

) 6 modal influence vector for the
M| Ok) € R rth mode at the jth node

vr(k)
21 \ Jet Propulsion Laboratory
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Bending mode example

Launch vehicle example

Altitude: 6400 m
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Matrix form reexpression

23

Una(OL) =T1(0) (k)

modal coordinates to jth node
deformation mapping

modal influence matrix
for the jth node

/
/ k
]_[ O] FAN ]_[ O] ]_[ OJ nm,d[ } Rﬁxﬂmd{k]
( k] — 1 k)r"' ) nmd[k}( k] - S
iy B.1.20,B.1.8 iy . deformation velocity level
6Ed(0{c_) — W(OLJﬂ[k) mapping

@
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Modal representation at the body level



Stacked vector across body nodes

- ﬂrnd[k}
Unalk) g COl{und[OL)} ERGH“d(k}

nnal(k)

| >

c Rﬁ'nnd {kJ

col{énd(OL)}

Mnd {k]

=1

ﬂ(k) — CO] {H(OL]} & RGTlﬂd(k}lemd{k]

unalk) "= (k)N (k) 57 (k) = TT(k)7 (k)

stacked vector deformation expressions



All node velocities

V(0}) = ¢*(k,O})V(k) + 574(0))

A ; nnd (k)| gtacked vector of nodal spatial
A ] patia
Vhalk) = col {V (Ok) } velocities

1>

B(k) = [ (kOL) . ¢ (k,0F) - (kO V)| & ROXCnall

stacked vector of nodal spatial

Vaalk) = B*(k)V(k) + E’Ed (k) velocities from body and

deformation spatial velocities
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Velocity for a flexible body

27

For a rigid body, the spatial velocity serves as its body velocity
For a flexible body, we augment it with the deformation velocity

coordinates

Mapping from body velocity to nodal velocities

Ve(k)

1>

n (k)

V(k)

e RN

Vialk) = Y(k) Ve (k) € REnalk)

Y(k)

= [M(k), B*(k)] € ROMmalk)xN (k)

California Institute of Technology



Body kinetic energy expression
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M, q(k) = diag {Mnd(o]j{)} c ROMnalk)x6nnalk)

M (k) = Y* (k)M q (k) Y (k) € RN

Vialk) = Y(k) Ve (k) € REMmalk)

p el : - O\ 14.13,14.18 1
- v (@ﬁ;)Mnd(@LW (@3) = 5Vha
1=1
1.
— TV3 (M) Va (k)

(k)Mnd(k)vnd (k)

@
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Flexible body equations of motion

Gathering together the individual node equations of
motion, we have

Tr (k) 2 Y*(k) col {fnd_(Oj ]};n:{k R Mi (kK)o (k) + b (k) + Y*f?d(oi)
bre(k) = Y*QIOL) " v [M,4(0]) ai(k, O}) + (0]

Modal integrals can be computed offline and used to
simplify the computation of the terms in these
equations of motion

29 Jet Propulsion Laboratory
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Back to multibody system
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Coupled flexible bodies

Large articulation, small deformation

[k—l]th

hinge

deformed
y 1
O, node

k th
hinge
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O node

k" body

[k— ].]th
body
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[owards Base — -+———m— —  Towards Tip
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Towards an SKO model
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* Assume serial chain for notational simplicity

* A key step In the development of an SKO model is
Identifying its SKO operator

* The elements of the SKO operator are defined by the
coefficient matrices involved In a recursive velocity
relationship from parent to child body

* For rigid bodies this took the form

V(k) =A% (p(k), k) V(p(k)) +H"(k)O(K)

 \WWant to extend this to flexible bodies



Expression for body frame spatial velocity in terms of parent
velocities

deformed
3 }
O, node

flexible child

kth
body velocit hinge | j
y y lm«-{; @ [(Bx, OL ) undeformed
N (:)L node
A f] (k) k" body
V-ﬂ- (k’) — (k +1)th body
\;\V(k) body
Towards Base —-e——m—r —  Towards Tip
parent body rigid body parent body deformation
motion contribution contribution

v . .
V(k) =" (k+1,k)V(k+ 1)+ ¢™ (O K)TTO, ; n(k+ 1)

=470k [H (8] — TG (0

hinge articulaltion child bodyI deformation

contribution contribution & soioronutsion taboraer
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Recursive velocity expression

34

V(k)

+ 7

= ¢ (k+1,k)V(k+1)+¢" (O

v KO (k+1)
O, k) [H (K)8(k) — TT(Oy )i ()]

J

Ve (k)

14. ‘39 14.36

DRk LK)V (k1) + HE ()9 (K) | | 2K)

(Dfl(k—i_ L, k]

1>

t

$(k+1,k)

0TW©HJM@LM)

Hyi (k)

||>

0

I —T15(0y)
Hp (k)

generalized inter-body transformation matrix

Hg (k)

H(k) (O, k)

cR™ (k)x6

generalized joint map matrix

Mg (Ox)

4

¢* (O, K)TT(Ox ) €

R6xN(k)




Comments

14. ‘39 14.36

Vi (k) OF (k4 1, k) Ve (k + 1) + HE (k) (k)

* This Is the recursive velocity expression we are
looking for that helps us identify the elements of the
SKO operator

* The elements row-size 6+the number of modes In
the body

* Hence the row-size can vary from body to body

35 Jet Propulsion Laboratory
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( 0 0 0 0 0\
D(2,1) 0 0
o =| 0 Pald2) .. 0 0 | SKO operator
\ 0 0 Ds(n,n—1) 0)

/ I 0 0\

O (2,1) I .. 0
O = : : S SPO operator

\(Dﬂ(n,l) (Dﬂ(TL,Q) I)
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SKO model equations of motion

Vi = OF Hp O

L = Dy ( ?154— ()

fri = @t (Meracer + by + RO
Tr = Hetfr = Mad + Coy

Mi1

D>

Ha Moy (DT"I Hjccl Mass matrix

Cr1

>

He @ (M @5 agy + by + R9)

California Institute of Technology



SKO model for tree flexible multibody systems

* We have satisfied all the requirement for an SKO
model
* Tree structure
« SKO and SPO operator
* Remaining spatial operators and operator forms
of the equations of motion
» Operator expressions for the mass matrix and
Coriolis terms
 All of the analysis and algorithms for SKO models
carry over to flexible body systems

38
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Recursive inverse dynamics

( Vam+1)=0, apn+1)=0
for k n---1

Vi(k) = @ (k+ 1,k) Ve (k+ 1) + HE (k) §(k) Scatter recursions
oeri(k) = @F (k+ 1 K)oee (k + 1) + Hi (K)D(k) + ag (k)

_end loop

N

( ff1(0) =0 |
for k 1---n gather recursions

N

fri(k) = ek, k — D)fer(k — 1) + Mg (k) e (k) + ber (k) + 8(k)D(k)
Tr1(k) = Her (k) fe (k)

_Lend loop

39 Jet Propulsion Laboratory
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ATBI Expressions & Analysis
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Flexible body ATBI recursion

( PL0) =0
for k 1.--n
Pri(k)
D1 (k)
S1(k)
:Mﬂk+1k%:®ﬂw+iﬁm%d)
T(k)
P (K
Wer(k + 1, k)

_end loop

41
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ATBI operators

Dt = HuPrHj = diag {Df[(k)}:_l c RN
G = PaHpDa ! = diag {9ﬂ(kJ}n_ c RINXNn
K 2 Co, 91 € RN N
T = I - §aHp = diag {T(k) }:_1 c RNXN
Cy,, = Ep,, T € RNXN

42 Jet Propulsion Laboratory
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ATBI SPO operator

[ 1 .. 0)

Wi (2,1) I .0 o
Wy 2 I—Ey, ) 1= | | | | e RN

\Wri(n, 1) We(n,?2) L)
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Mass matrix inversion

Me = I+ Ha@aKe)Dall +He @p K]
1+ Ha®nKel ' =0 —HaWaKe
M =T —Ha¥aKnl* D' T — HaWaKel
8 =1 Ha¥aXal*Dy! {‘Iﬂ — HaYrlKa Tt

+ Prragy + b + ﬁf}}w — Xn¥han
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ATBI forward dynamics

( 3*(0) =
for k 1.--n
3(K) = Ok, k—1)3" (k—1) + Pri(k)ar (k) + b (k) + K(k)D(k)
4 e(k) = Te (k) — Her(k)3(k) :
Vik) = Dt (k) e(K) gather recursion
T fl
37 (k) =3(k) + Sri(k)e(k)
_Lend loop
( OCﬂ(Tl—l— 1] =0
for k n---1
oy (k) = @ (k4 1, k) oer (k + 1) scatter recursion

(k) = v(k) — Ge* (K)o (k)
ar (k) = ofy (k) + Hi (K)(k) + an (k)
45 \end 100P @’Jtp opulsion Laboratory
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Optimization

 All of the SKO model algorithms apply directly

* However there is further optimization possible based

* Furthermore, modal integrals can be used to simplify

46

on the sparsity of

Oa(k+1.k) = (0 Gk +1,k)

A

0 n*(@gl)dn(@i,k)) Hou(k) 2

(

[ —TT;(Ox)

0

Hg (k)

|

the evaluation of the gyroscopic terms
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Recap

e
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Summary

* Introduced flexible bodies

» Showed nodal formulation followed by modal
formulation for a flexible body

* Developed equations of motion for a single body

» Developed recursive expressions for body velocities,

eading to an SKO model for tree systems

 Summarized applicability of SKO model analysis and
algorithms to flex body systems
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SOA Foundations Track Topics
(serial-chain rigid body systems)

1.

49

2.

Spatial (6D) notation — spatial velocities, forces, inertias; spatial cross-product, rigid body
transformations & properties; parallel axis theorem

Single rigid body dynamics — equations of motion about arbitrary frame using spatial
notation

Serial-chain kinematics — minimal coordinate formulation, hinges, velocity recursions,
Jacobians; first spatial operators; O(N) scatter and gather recursions

Serial-chain dynamics — equations of motion using spatial operators; Newton—Euler mass
matrix factorization; O(N) inverse dynamics; composite rigid body inertia; forward Lyapunov
equation; mass matrix decomposition; mass matrix computation; alternative inverse dynamics
Articulated body inertia - Concept and definition; Riccati equation; alternative force
decompositions

Mass matrix factorization and inversion — spatial operator identities; Innovations
factorization of the mass matrix; Inversion of the mass matrix

Recursive forward dynamics — O(N) recursive forward dynamics algorithm; including gravity
and external forces; inter-body forces identity

See https://dartslab.|pl.nasa.gov/References/index.php for publications and
references on the SOA methodology. ‘@Jetpmpu.sion Laboratory

California Institute of Technology
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SOA Generalization Track Topics

8. Graph theory based structure — BWA matrices, connection to
multibody systems

9. Multibody graph systems — generalization to tree topology rigid
body systems, SKO/SPO operators, gather/scatter algorithms

10. Closed-chain dynamics (cut-joint) — holonomic and non-
holonomic constraints, cut-joint method, operational space inertias,
projected dynamics

11. Closed-chain dynamics (constraint embedding) — Multibody
topology transformation and decomposition, aggregation, geared
systems, constraint embedding for graph transformation, minimal
coordinate closed-chain dynamics

12. Flexible body dynamics — Extension to flexible bodies, modal
representations, recursive flexible body dynamics
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